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1 Introduction
In this paper, we consider the existence and the asymptotic completeness of the wave
operators for Schro¨dinger equations with time-dependent potentials which are short-range
in space. For time-independent short-range potentials, the wave operators have been
studied since 1950s by methods of using properties of spectrum (e.g., J. Cook [3], S.
Kuroda [8]). Then the ranges of the wave operators are characterized by the absolutely
continuous subspace. V. Enss [10] has proved the existence of the wave operators and
that the non-trivial singular continuous subspace of H is nothing. Then the ranges of
the wave operators are characterized by the continuous subspace of the operator. For
time-dependent short-range potentials, D. R. Yafaev [1] has shown the existence of the
wave operators with time-dependent potentials, and that the ranges coincide with the
entire space under the suitable conditions. H. Kitada–K. Yajima [2] shows the existence
the wave operators and the modified wave operators with time-dependent potentials which
are short-range in space and has characterized the ranges of the (modified) wave operators.
In this paper, we prove the existence and characterize the ranges of the wave operators
for Schro¨dinger equations with time-dependent potentials which are short-range in space
by introducing the wave packet transform.
We consider the following problem:
i
∂
∂t
u = H(t)u, H(t) = H0 + V (t), H0 = −1
2
n∑
j=1
∂2
∂x2j
= −1
2
∆(1)
in the Hilbert space H = L2(Rn), and the domain D(H0) = H2(Rn) where H2(Rn) is
Sobolev space of order two.
We assume that V is satisfied with the following conditions called “short-range”.
Assumption (A). (i) V (t, x) is a real-valued function of (t, x) ∈ R× Rn.
(ii)There exists a constant δ > 1 such that there exists C > 0 satisfying
|V (t, x)| ≤ C(1 + |x|)−δ , (t, x) ∈ R× Rn.
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Under Assumption (A), H(t) is self adjoint in L2(Rn) with the domain D(H(t)) =
H2(Rn) for each t ∈ R. Then there exist unitary evolution operators U(t, t0) satisfying
the following conditions (c.f., T. Kato [6]).
(i) U(t, t0)f is continuous function of t and
U(t, τ ′)U(τ ′, τ) = U(t, τ), U(t, t) = Id t, τ ′, τ ∈ R.
(ii) U(t, τ)f is continuously differentiable and
∂
∂t
U(t, τ)f = −iH(t)U(t, τ)f f ∈ L2(Rn).
Let a ≥ 0 and R > 0. We define Γ = Γa,R by
Γa,R =
{
(x, ξ) ∈ Rn × Rn
∣∣∣|ξ| ≤ a or |x| ≥ R} ,
and Sscat by
Sscat =
{
Φ ∈ S
∣∣∣‖Φ‖L2(Rn) = 1 and Φˆ(0) 6= 0} .
Definition 1. (Wave packet transform)
Let ϕ ∈ S \ {0} and f ∈ S ′. We define the wave packet transform Wϕf(x, ξ) of f with
the wave packet generated by a function ϕ as follows:
Wϕf(x, ξ) =
∫
Rn
ϕ(y − x)f(y)e−iyξdy, (x, ξ) ∈ Rn ×Rn.
We also define the inverse of the wave packet transform W−1ϕ for a function F (x, ξ) on
R
n × Rn as follows:
W−1ϕ F (x) =
1
(2pi)n‖ϕ‖2
L2(Rn)
∫ ∫
R2n
ϕ(x− y)F (y, ξ)eixξdydξ, x ∈ Rn.
Definition 2. (Scattering subspace)
Let Φ ∈ Sscat. We define D˜±,Φscat(τ) by the set of all functions in L2 satisfying that there
exist a > 0 and R > 0 such that
χΓa,RWΦ(t)[U(t, τ)f ](x+ (t− τ)ξ, ξ)→ 0 (t→ ±∞) in L2(Rn × Rn)
where Φ(t) = e−i(t−τ)H0Φ.
The scattering subspaces D±,Φscat(τ) is defined by the closure of D˜
±,Φ
scat(τ).
The aim of this paper is to prove the following theorem.
Theorem 1. Suppose that (A) be satisfied. Then the wave operators
W±(τ) = s- lim
t→±∞
U(τ, t)e−i(t−τ)H0
exist for any τ ∈ R and their ranges R(W±(τ)) coincide with D±,Φscat(τ) for any Φ ∈ Sscat.
In particular, D±,Φscat(τ) is independent of Φ. So in the sequel, we write D
±,Φ
scat(τ) as
D±scat(τ).
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We use the following notations throughout the paper. i =
√−1, n ∈ N. We write
∂xj = ∂/∂xj , ∂t =
∂
∂t
, L2 = L2(Rn), ‖ · ‖ = ‖ · ‖L2 , (·, ·) = (·, ·)L2 , 〈t〉 = 1 + |t|, ‖f‖Hl =∑
|α+β|=l ‖xβ∂αx f‖. F is the Fourier transform:
Ff(ξ) = fˆ(ξ) =
∫
Rn
e−ix·ξf(x)dx.
We also write F−1f(x) = (2pi)−n ∫ eix·ξf(ξ)dξ, and χA(x) denotes the characteristic func-
tion of a measurable set A. For an operator T , D(T ) and R(T ) denote the domain and
range of T . Hp(T ) denotes pure point subspace of a self-adjoint operator T .
We can treat both x and ξ in the phase space at the same time by introducing the
wave packet transform. In order to prove asymptotic completeness of the wave operators,
the phase space decomposition into near the classic orbits of the particles or not requires
complicated arguments. Specifically, for the phase space decomposition operators corre-
sponding to P+, P−, we have to prove P−U(t, 0) → 0 and P+U(t, 0) ∼ P+e−itH0 . Enss
method and other studies ([10], [9], [7], [2]) define the phase space decomposition opera-
tors as a pseudo-differential operator. But our method by the wave packet transform can
treat both x and ξ in the phase space at the same time, we only have to the multiplication
operators of the characteristic functions. Thus we can decompose the phase space by only
using the density argument.
Remark 1. We see that the condition V ∈ L∞(Rn+1) and that there exists h ∈ L1([0,∞); dR)
such that
‖χ|x|>RV (t, x)‖L∞(Rn+1) ≤ h(R)
can replace Assumption (A), (iii).
Remark 2. If V (t, x) = V (x)(, H(t) = H) is independent of t, we see that U(t, τ) =
e−i(t−τ)H . Then we obtain D±scat(τ) ⊥ Hp(H) for all τ ∈ R.
Remark 3. In the case n ≥ 2, we obtain an another characterization of R(W±(τ)).
Let a ≥ 0, 0 < σ ≤ 1 and Φ ∈ Sscat. We define Γ˜a,σ by
Γ˜a,σ =
{
(x, ξ) ∈ Rn × Rn
∣∣∣|ξ| ≤ a or | cos θ(x, ξ)| ≥ σ}
where cos θ(x, ξ) = (x · ξ)/|x||ξ|, and A±,Φscat(τ) is the closure of the set of all functions in
L2 satisfying that there exist a > 0 and σ ∈ (0, 1) such that
χΓ˜a,σWΦ(t)[U(t, τ)f ](x+ (t− τ)ξ, ξ)→ 0 (t→ ±∞) in L2(Rn × Rn).
Then we get for any Φ ∈ Sscat
A±,Φscat(τ) = R(W±(τ)) = D±scat(τ).(2)
The plan of this paper is as follows. In section 2, we mention the properties of the wave
packet transform. In section 3, we give the proof of the existence of the wave operators.
In section 4, we give the proof of the characterization of the ranges of the wave operators.
In section 5, we prove the remarks.
3
2 Wave packet transform
In this section, we introduce the properties of the wave packet transform.
Proposition 1. Let ϕ ∈ S \ {0} and f ∈ S ′.
Then the wave packet transform Wϕf(x, ξ) has the following properties:
(i) Wϕf(x, ξ) ∈ C∞(Rnx × Rnξ ).
(ii) If u, ϕ depend on t, we have
Wϕ(t)[∂xf ](t, x, ξ) = −iξWϕ(t)[f ](t, x, ξ) +W∂xϕ(t)[f ](t, x, ξ), in S ′,
Wϕ(t)[∂tf ](t, x, ξ) = ∂tWϕ(t)[f ](t, x, ξ)−W∂tϕ(t)[f ](t, x, ξ), in S ′.
(iii) If f, g ∈ L2, ψ ∈ S \ {0},
(Wϕf,Wψg)L2(Rnx×Rnξ ) = (ϕ,ψ)(f, g) = (ψ,ϕ)(f, g).
(iv) The inversion formula W−1ϕ [Wϕf ] = f holds.
Proof. See [4].
In this section, let ϕ0 ∈ S \ {0} and u0 ∈ L2. The idea of considering the wave packet
transform with a time-dependent wave packet is quoted from [5].
We transform (1) with initial data:{
i∂tu+
1
2∆u− V (t, x)u = 0, (t, x) ∈ R× Rn,
u(t0) = u0, x ∈ Rn
(3)
via the wave packet transform with a wave packet ϕ(t) = e−itH0ϕ0. From Proposition 1,
we have
Wϕ(t)[∆u](t, x, ξ) =
∫
ϕ(t, y − x)∆u(y)e−iyξdy
=
∫
∆ϕ(t, y − x)u(y)e−iyξdy
+
∫
(−2iξ · ∇y)ϕ(t, y − x)u(y)e−iyξdy − |ξ|2
∫
ϕ(t, y − x)u(y)e−iyξdy
=W∆ϕ(t)u(t, x, ξ) + 2iξ · ∇xWϕ(t)u(t, x, ξ) − |ξ|2Wϕ(t)u(t, x, ξ).
Since Wϕ(t)[i∂tu](t, x, ξ) = i∂tWϕ(t)u(t, x, ξ) +Wi∂tϕ(t)u(t, x, ξ), (3) is transformed to{(
i∂t + iξ · ∇x − 12 |ξ|2
)
Wϕ(t)u(t, x, ξ) = Rϕ0(t, x, ξ;u0),
Wϕ(t0)u(t0, x, ξ) =Wϕ0u0(x, ξ),
(4)
where
Rϕ0(t, x, ξ;u0) =
∫
e−isH0ϕ0(y − x)V (t, y)U(t, 0)u0(y)e−iyξdy.
Regarding Rϕ0(t, x, ξ;u0) of (4) as an inhomogeneous term, we have
Wϕ(t)u(t, x, ξ) =e
−i 1
2
(t−t0)|ξ|2Wϕ0u0(x− (t− t0)ξ, ξ)
− i
∫ t
t0
e−i
1
2
(t−s)|ξ|2Rϕ0(s, x− (t− s)ξ, ξ;u0)ds.
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This shows that the wave packet transform enables us to present the propagator with the
integral equation. Therefore for t, t′ > 0 and ψ ∈ L2, we obtain the following calculations:
Wϕ(t)[e
−itH0ψ](x, ξ) = e−i
1
2
t|ξ|2Wϕ0ψ(x− tξ, ξ),(5)
Wϕ0 [e
itH0U(t, 0)ψ](x, ξ)
= ei
1
2
t|ξ|2Wϕ(t)[U(t, 0)ψ](x + tξ, ξ)
= ei
1
2
t|ξ|2 ·
(
e−
1
2
it|ξ|2Wϕ0ψ((x + tξ)− tξ, ξ)(6)
− i
∫ t
0
e−i
1
2
(t−s)|ξ|2Rϕ0(s, ((x+ tξ)− (t− s)ξ;ψ)ds
)
=Wϕ0ψ(x, ξ) − i
∫ t
0
ei
1
2
s|ξ|2Rϕ0(s, x+ sξ, ξ;ψ)ds,
Wϕ(t)[U(t, t
′)e−it
′H0ψ](x, ξ)
= e−
1
2
i(t−t′)|ξ|2Wϕ(t′)[e
−it′H0ψ](x− (t− t′)ξ, ξ)(7)
+ i
∫ t′
t
e−i
1
2
(t−s)|ξ|2Rϕ0(s, x+ (t− s)ξ, ξ; e−it
′H0ψ)ds
=Wϕ0ψ(x− tξ, ξ) + i
∫ t′
t
e−i
1
2
(t−s)|ξ|2Rϕ0(s, x+ (t− s)ξ, ξ; e−it
′H0ψ)ds.
3 Existence of the wave operators
In this section, we prove the existence of the wave operators by the wave packet transform
in the previous section.
Let 0 < ρ < 1. We define Vρ as follows:
Vρ(t, x) = χ0(
1
ρ〈t〉x)V (t, x),
where χ0 ∈ C∞(Rn) satisfies χ0(x) = 1 (|x| ≥ 1), χ0(x) = 0 (|x| ≤ 12). Then there exists
C > 0 such that
|Vρ(t, x)| ≤ C〈t〉−δ,(8)
for any t ∈ R, x ∈ Rn. When |x| ≥ ρ〈t〉,
Vρ(t, x) = V (t, x).(9)
The following well-known lemma is used in the proof of Proposition 3.
Lemma 2. Let f ∈ S. If suppfˆ ⊂ K with some compact set K which does not contain
the origin, for an open set K ′ ⊃ 2K and l, k ≥ 0 there exists C = CK,K ′,l,k such that
|e−itH0f(x)| ≤ C〈t〉−k〈x〉−l‖f‖Hk+l (x/t /∈ K ′, t 6= 0).
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Proof. See [9].
Using the above lemma, we obtain the following lemma.
Proposition 3. Let a > 0 and R > 0. There exist r0 > 0 and T > 0 such that for all
r ∈ (0, r0] ∥∥Rϕ0(s, x+ sξ, ξ;ψ)∥∥L2(R2n\Γa,R) ≤ C〈s〉−δ‖ψ‖
for some C = Ca,R,r > 0 and for any s ≥ T where ϕ0 ∈ S \{0} satisfying suppϕˆ0 ⊂ {r/2 <
|ξ| < r}.
Proof. For c ∈ (0, a), we see that
|x± sξ| ≥ as−R ≥ cs ≥ 1
2
c〈s〉
for any (x, ξ) ∈ R2n \ Γa,R and s ≥ T = max{R/(a− c), 1}.
Taking ρ = c/6, we put
Rϕ0(s, x, ξ;ψ) =
∫
e−isH0ϕ0(y − x)V (s, y)U(s, 0)ψ(y)e−iξydy
≤
∫
{|y−x|≤2ρs}
e−isH0ϕ0(y − x)V (s, y)U(s, 0)ψ(y)e−iξydy
+
∫
{|y−x|>2ρs}
e−isH0ϕ0(y − x)V (s, y)U(s, 0)ψ(y)e−iξydy
= I1(s, x, ξ;ψ) + I2(s, x, ξ;ψ).
By (8), (9), change of variables as x′ = x+ sξ and Plancherel theorem, we have∥∥I1(s, x+ sξ, ξ;ψ)∥∥L2(R2n\Γa,R)
= ‖
∫
{|y−(x+sξ)|≤2ρs}
e−isH0ϕ0(y − (x+ sξ))Vρ(s, y)U(s, 0)ψ(y)e−iξydy
∥∥
L2(R2n\Γa,R)
≤ ‖
∫
{|y−x′|≤2ρs}
e−isH0ϕ0(y − x′)Vρ(s, y)U(s, 0)ψ(y)e−iξydy
∥∥
L2(Rn
x′
×Rn
ξ
)
= ‖χ{|y−x|≤2ρs}e−isH0ϕ0(y − x)Vρ(s, y)U(s, 0)ψ(y)
∥∥
L2(Rnx×R
n
y )
= ‖e−isH0ϕ0(y − x)Vρ(s, y)U(s, 0)ψ(y)
∥∥
L2(Rnx×R
n
y )
≤ C〈s〉−δ‖ψ‖
for s ≥ T . By Lemma 2 and taking r0 = ρ, we have∥∥I2(s, x+ sξ, ξ;ψ)∥∥L2(R2n\Γa,R)
≤ ∥∥ ∫
{|y−x′|>2ρs}
e−isH0ϕ0(y − x′)V (s, y)U(s, 0)ψ(y)e−iξydy
∥∥
L2(Rn
x′
×Rn
ξ
)
=
∥∥χ{|y−x|>2ρs}e−isH0ϕ0(y − x)V (s, y)U(s, 0)ψ(y)∥∥L2(Rnx×Rny )
≤ C〈s〉−k‖ϕˆ0‖Hk+l
∥∥〈y − x〉−lV (s, y)U(s, 0)ψ(y)∥∥
L2(Rnx×R
n
y )
= C〈s〉−k‖ϕˆ0‖Hk+l
∥∥〈x〉−l∥∥∥∥U(s, 0)ψ(y)∥∥
≤ C〈s〉−δ‖ψ‖.
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We give a proof of the existence of the wave operators W±(τ). The following lemma
is well known and has been already proved, however, we give the proof using wave packet
transform.
Proposition 4. Suppose that (A) be satisfied. Then the wave operators W±(τ) exist for
any τ ∈ R.
Proof. Substituting V (t − τ, x) for V (t, x), it suffices to show the case τ = 0. We prove
the existence in the case t→ +∞ only. In the other cases, they can be proved similarly.
Let Φ ∈ Sscat and u0 ∈ L2. It suffices to prove the existence forWΦu0 ∈ C∞0 (R2n\{|ξ| =
0}). Indeed, let ε > 0 fixed. Since C∞0 (R2n \ {|ξ| = 0}) is dense in L2(R2n), there exists
ω ∈ C∞0 (R2n \ {|ξ| = 0}) satisfying ‖WΦu0 − ω‖L2(R2n) < ε.
Since ‖Φ‖ = 1, putting u˜0 =W−1Φ ω we have
WΦu˜0 = ω, ‖u˜0 − u0‖ = ‖WΦu˜0 −WΦu0‖L2(R2n)
= ‖ω −WΦu0‖L2(R2n) < ε.
Then there exist a > 0 and R > 0 such that suppω ⊂ R2n \ Γa,R. Let ϕ0 ∈ S \ {0}
satisfying
suppϕˆ0 ⊂
{r
2
< |ξ| < r
}
with 0 < r ≤ r0, |(Φ, ϕ0)| > 0
where r0 is the value satisfying Proposition 3. Thus, we have by (6)
(U(0, t)U0(t, 0)u0, ψ) = (u0, U0(0, t)U(t, 0)ψ)
=
1
(ϕ0,Φ)
(WΦu0,Wϕ0 [U0(0, t)U(t, 0)ψ])L2(R2n)
=
1
(ϕ0,Φ)
(
WΦu0,Wϕ0ψ +
∫ t
0
Rϕ0(s, x+ sξ, ξ;ψ)ds
)
L2(R2n)
.
Using Lemma 3 and Schwarz’s inequality, we obtain for t′ > t ≥ T∣∣∣∣∣∣
(
WΦu0,
∫ t′
t
Rϕ0(s, x+ sξ, ξ;ψ)ds
)
L2(suppWΦu0)
∣∣∣∣∣∣
≤ ‖WΦu0‖L2(R2n) ·
∫ t′
t
‖Rϕ0(s, x+ sξ, ξ;ψ)‖L2(R2n\Γa,R)ds
≤ C‖u0‖ ·
∫ t′
t
C〈s〉−δ′‖ψ‖ds
≤ C〈t〉1−δ‖u0‖ · ‖ψ‖
if T = T (a,R) is sufficiently large. This implies the existence of the wave operator W+(0).
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4 Characterization of the wave operators
In this section, we characterize the ranges of the wave operators by the wave packet
transform.
Proposition 5. Suppose that (A) be satisfied. Then we have
R(W±(τ)) = D±,Φscat(τ)
for any Φ ∈ Sscat.
Proof. Similar to the previous section, we shall prove
R(W+(0)) = D+,Φscat(0).(10)
In the other cases, they can be proved similarly.
Let Φ ∈ Sscat and ε > 0 fixed. For simplicity, we writeW+ =W+(0), D+scat = D+,Φscat(0).
We first prove
R(W+) ⊂ D+scat.(11)
Let f ∈ R(W+). Then since W−1Φ (C∞0 (R2n \ {|ξ| = 0})) is dense in L2, there exists
g ∈W−1Φ (C∞0 (R2n \ {|ξ| = 0})) such that
‖f −W+g‖ < ε.(12)
By the definition of W+ and (5), we have
lim
t→∞
‖U(t, 0)W+g − e−itH0g‖ = 0, WΦ(t)[e−itH0g](x+ tξ, ξ) =WΦg(x, ξ).(13)
For g ∈W−1Φ (C∞0 (R2n \{|ξ| = 0})), there exist a > 0 and R > 0 such that suppWΦg ⊂
R
2n \ Γa,R.
Thus from (12), (13), we obtain
lim
t→∞
‖χΓa,RWΦ(t)[U(t, 0)f ](x + tξ, ξ)‖L2(R2n) ≤ ε.
Thus (11) is proved.
Next we prove
R(W+) ⊃ D+scat.(14)
If the limit
W−1+ u0 = s- lim
t→+∞
eitH0U(t, 0)u0(15)
exists for any u0 ∈ D+scat, (14) is obtained.
It suffices to prove (15) for u0 ∈ D˜+,Φscat(0). Indeed, from the definition of D+scat, for any
ε > 0 and u0 ∈ D+scat there exists u˜0 ∈ D˜+,Φscat(0) such that ‖u0 − u˜0‖ < ε.
Let u0 ∈ D˜+,Φscat(0). Then we fix a > 0 and R > 0 satisfying
lim
t→∞
‖χΓa,RWΦ(t)[U(t, 0)u0](x+ tξ, ξ)‖L2(R2n) = 0(16)
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and write Γ = Γa,R, Γ
c = R2n \ Γ.
From Proposition 1, we have(
eitH0U(t, 0)u0, ψ
)
=
(
U(t, 0)u0, e
−itH0ψ
)
=
1
(ϕ(t),Φ(t))
(
WΦ(t)[U(t, 0)u0],Wϕ(t)[e
−itH0ψ]
)
L2(R2n)
=
1
(ϕ0,Φ)
(
χΓ(x− tξ, ξ)WΦ(t)[U(t, 0)u0],Wϕ(t)[e−itH0ψ]
)
L2(R2n)
+
1
(ϕ0,Φ)
(
χΓc(x− tξ, ξ)WΦ(t)[U(t, 0)u0],Wϕ(t)[e−itH0ψ]
)
L2(R2n)
,(
eit
′H0U(t′, 0)u0, ψ
)
=
(
U(t, 0)u0, U(t, t
′)e−it
′H0ψ
)
=
1
(ϕ0,Φ)
(
χΓ(x− tξ, ξ)WΦ(t)[U(t, 0)u0],Wϕ(t)[U(t, t′)e−it
′H0ψ]
)
L2(R2n)
+
1
(ϕ0,Φ)
(
χΓc(x− tξ, ξ)WΦ(t)[U(t, 0)u0],Wϕ(t)[U(t, t′)e−it
′H0ψ]
)
L2(R2n)
.
Thus the difference between the above equations is that(
eitH0U(t, 0)u0 − eit′H0U(t′, 0)u0, ψ
)
=
1
(ϕ0,Φ)
(
χΓ(x− tξ, ξ)WΦ(t)[U(t, 0)u0],Wϕ(t)[e−itH0ψ]−Wϕ(t)[U(t, t′)e−it
′H0ψ]
)
L2(R2n)
+
1
(ϕ0,Φ)
(
χΓc(x− tξ, ξ)WΦ(t)[U(t, 0)u0],Wϕ(t)[e−itH0ψ]−Wϕ(t)[U(t, t′)e−it
′H0ψ]
)
L2(R2n)
.
Using Schwarz’s inequality and (16), we obtain∣∣∣∣(χΓ(x− tξ, ξ)WΦ(t)[U(t, 0)u0],Wϕ(t)[e−itH0ψ]−Wϕ(t)[U(t, t′)e−it′H0ψ])
L2(R2n)
∣∣∣∣
≤ 2‖χΓWΦ(t)[U(t, 0)u0](x+ tξ, ξ)‖‖ϕ0‖‖ψ‖ → 0. (t→ +∞)(17)
Since (5), (7) and the similar calculation of Proposition 3, we have for t′ ≥ t ≥ T∣∣∣(χΓc(x− tξ, ξ)WΦ(t)[U(t, 0)u0],Wϕ(t)[e−itH0ψ]−Wϕ(t)[U(t, t′)e−it′H0ψ])
L2(R2n)
∣∣∣
=
∣∣∣∣∣
(
WΦ(t)[U(t, 0)u0], χΓc(x− tξ, ξ)
∫ t′
t
e−i
1
2
(t−s)|ξ|2Rϕ0(s, x− (t− s)ξ, ξ; e−it
′H0ψ)ds
)∣∣∣∣∣
=
∣∣∣∣∣
(
WΦ(t)[U(t, 0)u0](x+ tξ, ξ), χΓc
∫ t′
t
e−i
1
2
(t−s)|ξ|2Rϕ0(s, x+ sξ, ξ; e
−it′H0ψ)ds
)∣∣∣∣∣
(18)
≤ ‖u0‖‖ϕ0‖‖ψ‖〈t〉−δ+1,
if T = T (a,R) is sufficiently large. (15) follows from (17) and (18). Combining (11), (14),
we obtain (10).
Theorem 1 is obtained by Proposition 4 and 5
9
5 Remarks
In this section, we consider the remarks in Section 1.
The assertion of Remark 1 follows the estimate
‖I1(s, x, ξ;ψ)‖ ≤ Ch(s)‖ψ‖,
where I1(s, x, ξ;ψ) is the term of Proposition 3 and C is some constant.
We prove Remark 2 as follows.
Proof of Remark 2. Since the existence of the wave operators and the fact R(W±(τ)) =
D±scat(τ) are proved in Theorem 1, it suffices to show D
±
scat(τ) ⊥ Hp.
Similar to the previous sections, we shall prove for τ = 0 and t→ +∞. Let u0 ∈ D˜+scat()
and Φ ∈ Sscat. Then there exist a,R > 0 such that
lim
t→∞
‖χΓa,RWΦ(t)[e−itHu0](x+ tξ, ξ)‖L2(R2n) = 0.(19)
On the other hand, if we take ω ∈ Hp(H), it suffices that
e−itHω = e−itλω.(20)
Then taking ϕ0 ∈ S similarly to section 3, we get
(u0, ω) = (e
−itHu0, e
−itHω)
=
1
(ϕ(t),Φ(t))
(
WΦ(t)[e
−itHu0],Wϕ(t)[e
−itHω]
)
L2(R2n)
=
1
(ϕ0,Φ)
(
χΓa,RWΦ(t)[e
−itHu0](x+ tξ, ξ),Wϕ(t)[e
−itHω](x+ tξ, ξ)
)
L2(R2n)
+
1
(ϕ0,Φ)
(
WΦ(t)[e
−itHu0](x+ tξ, ξ), χ{R2n\Γa,R}Wϕ(t)[e
−itHω](x+ tξ, ξ)
)
L2(R2n)
.
By (19), the first term is estimated by∣∣∣ 1
(ϕ0,Φ)
(
χΓa,RWΦ[e
−itHu0](x+ tξ, ξ),Wϕ0 [e
−itHω](x+ tξ, ξ)
)
L2(R2n)
∣∣∣
≤ C‖χΓa,RWΦ[e−itHu0](x+ tξ, ξ)‖L2(R2n)‖ω‖ → 0. (t→∞)
By (20), the second term is estimated by∣∣∣ 1
(ϕ0,Φ)
(
WΦ(t)[e
−itHu0](x+ tξ, ξ), χ{R2n\Γa,R}Wϕ(t)[e
−itHω](x+ tξ, ξ)
)
L2(R2n)
∣∣∣
=
∣∣∣ 1
(ϕ0,Φ)
(
WΦ(t)[e
−itHu0](x+ tξ, ξ), χ{R2n\Γa,R}Wϕ(t)[e
−itλω](x+ tξ, ξ)
)
L2(R2n)
∣∣∣
≤ C‖u0‖‖χ{R2n\Γa,R}Wϕ(t)[ω](x+ tξ, ξ)‖L2(R2n) → 0. (t→∞)(21)
(21) follows the density argument and Lemma 2. Therefore we obtain D±scat(0) ⊥ Hp(H).
Since W−1Φ (C
∞
0 (R
2n \ Γ˜0,1)) is dense in L2, the same proof in the previous section
follows (2). Thus we get the claim of Remark 3.
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